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1. Introduction 

It is well known that prime numbers play a central role in number the- 
ory. It has been known, since Riemann's famous memoir in 1860, that 
the distribution of prime numbers can be described by the zero-free 
region of the Riemann zeta function (,(s). This function is a meromor- 
phic function of the complex variable s. It has infinitely many zeros 
and a unique pole at s — 1 with the residue 1 . It is customary to denote 
s = a + it. For a > 1, the Riemann zeta fucntion can be defined by 



n=l peP P s 



with the second equlity as above being Euler's identity. One may verify 
Euler's identity from fundamental theorem of arithmetic, which asserts 

k 

(1.2) ™ = I[p7 

for every n G N with fc£N, and p a / G P N . It is extended to a meromor- 
phic function by analytic continuation. By logarithmic differentiation 
of Euler's identity, one gets 

CM ^ A(n) - 1 



C(s) ^ n s 

n=l 
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Those zeros at s = —2, —4, —6, . . . are called trivial zeros. Nontrivial 
zeros of £(s) are located in the so-called critical strip < a < 1. 

Throughout this article, we shall use notations P for the set of all 
prime numbers, P N that of the all prime powers, N = {1,2,3,...} 
that of natural numbers, K that of the real numbers, and C that of the 
complex numbers. We also use the notation M + for the set of all positive 
real numbers. We shall use the symbol e G M + for an arbitrary small 
positive real number, not necessarily the same at each occurrence in 
a given statement. Suppose that g(x) and h{x) are complex functions 
of the variable x and f(y) is a positive real- valued function of y. The 
notation g(x) = h(x) + 0(f(y)) represents the fact that \g(x) — h(x)\ < 
Bf(y) with some absolute sconstant B > whenever y is sufficiently 
large or y > y for some fixed positive number y . For convenience, 
we also use the notation f(x) = h(x) < g(y) for the statement \f(x) — 
h(x)\ < \g(y)\. The notations C, Ci, C2, ■ ■ ■ denote suitable absolute 
positive constants, and C(x) denotes the positive constant dependent 
on x, whatevery x represents for. 

It is not very difficult to show that nontrivial zeros of £(s) are located 
in the strip < a < 1. Other results in this direction are zero- free 
regions in the form of 



1.4) a>l-h{t), |t|>3, 

where h(t) with l/2<o"<lisa decreasing function oft. This function 



h{t) may be C '° o g g 1 °| |t| , or - 2 % . See any standard literature, or 



[5] and [7]. 

Define Dirichlet's symbol as the following arithmetic function 



;i.5) A(n) 




n e r L \ 

n e N/P p 



Let x > 2. We define ^-function, as in the literature, and w are defined 
by 

(1.6) ^) = ^A(n), w{x) = §2(A(n)-l), 

n<x n<x 

where n is running through the set of positive integers not greater 
than x. The notation §2 n <x f( n ) means that we adopt half-maximum 
convention to the sum function of the arithmetic function f(n). There- 
fore, ip(x ) = ^(\im x ^ xo _ ip(x) + \im x ^ xo+ ip(x)). The similar is valid 
for w{x). 

It is well known that zero-free region of ({s), in the form of a > 
h(t) and \t\ > 3, implies the prime number theorem in the following 
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equivalent ^-form and cjj-form: 

(1.7) if>(x) = x + 0(x 1 - H( - x) \og 2 x), w(x) <B(x 1 ~ H{x] log 2 x), 

with an absolute constant B, where the function H(x) is connected 
to h(t) in a certain way. Less known is that the converse is also true. 
Actually, Turan proved in 1950 that the above ^-form of the prime 
number theorem with H(x) =??? implies the above zero-free region of 
C(s) with hit) =???. See [7] and [16]. 

Corresponding to the definition of w{x) in (1.6) and the estimate on 
w{x) in (1.7), we study the function 

(i.s) iW = -m_ (W = f;Mzl. 

v ' 71=1 

The series in (1.8) is convergent when a > 1. For a > 0, we have 

(1.9) C ( a ) = _^- a r^M dVj fora>0, 

s — 1 J 1 v s+1 

where \y\ is the integer part of v or the greatest integer less than or 
equal to v. One may notice that s = 1 is a pole for £(s) having residue 
1. It is well known that 
(1.10) 

where Z is the set of nonstrivial zeros for the Riemann zeta function 
and 70 ~ 0.577215 is the Euler constant. The function T(s) has neither 
zero nor pole for a > 1. Note that the pole of — ^£jy and £(s) at s — 1 
is canceled. The set Z is the same as the set of other poles for the 
function — +rr. 

C(s) 

Henceforth, we let # > 2 be a fixed constant and denote 

(3.1 + j/8) log log x 

, x > x 



(1.11) flj-(x) = <( logx 
and 

(1.12) hj{t) - 



.r 



(3.1 + .//8)0 log* 



|, < t < tj, 



where 

(1.13) Xj = max{(3.1 + j/8) log log x = logx}, 



x>e 
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and 

(1.14) tj = max|29753,max{(3.1 + j/8)9\ogt = 

for every jGN-1. 

It is obvious that Xj > Xj-i and Hj(x) > Hj_i(x) for x > Xj. 

Xavier Gourdon uses an optimization of Odlyzko and Schonhage al- 
gorithm in [10] and has verified in [6] the 10 13 first zeros of the Riemann 
zeta function in 2004 is simple and located on a = |. But, we shall 
only use the fact that there are no zeros for the Riemann zeta function 
for a > | and |t| < 29753, which is verified in [9] by Meller in 1958. 

For our application in [3], we prove the following theorem. 

Theorem 1.1. Assume that Hj(x) is suitable for 

(1.15) w(x) < Bx 1 - 11 ^ log 2 x 

to be valid for a j G {0} R N. constant 9, we have both the functions 
Z(s) and ((s) are regular and ((s) do not vanish when a > 1 — hj(t). 

In iterm (ii), our zero-free region is wider than Turan's in [16] when j 
is sufficiently large. The items (i) and (ii) of Main Theorem are equiv- 
alent. It is straightforward to see that the item (i) of Main Theorem 
implies the iterm (ii) of that. To the contrary we assume that there 
were a zero p in the region a > 1 — hj(t). It would follow from (1.10) 
that — has a pole in the same region. By the definition (1.8) with 

(1.9) and (1.10), one sees that the function Z(s) would have a pole for 
a > hj(t), which contradicts the convergence of the series in In order 
to prove the iterm (i) and (ii) of Main Theorem, we first prove that the 
iterm (ii) of Main Theorem implies the item (i) of that and then prove 
that the iterm (ii) of Main Theorem. After that, we prove the iterm 
(iii) of Main Theorem. 



2. Proof of the Main Theorem 

First, we show the Main Theorem by contradiction. We denote p = 
(3 + «7 henceforth. Assume to the contrary that there is a nontrivial 
zero 

(2.1) J = P + ii 
of £(s) such that 

(2.2) i > tj and (3' > 1 - h{j'). 

From now on, we let 5 be a constant such that | < 5 < 1 with the 
value of 5 being determined at the end of Section 5. Also, let a, b, c, 
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u, x, y, and A be constants such that a>l, 0<c<b< log7'/4, 
c(loga — log(a — 1)) < 1, u > 0, x > max{2,iia(l — /3')}, y > 1, and 
A > whose values will be determined in Section 5 with respect to the 
two cases: (i) \ < /3' < 5; (ii) 5 < /3' < 1. 
We let 

(2.3) a = a — (a — 1)(3' and s = cr + 7'. 

We choose 9 > 3 to be a fixed real number such that 



(2.4) 

Then, we let 

(2.5) cu 

where 
(2.6) 

Therefore, 
(2.7) 

so that 



and W = e 



kui 



(21 



19.328(3.1 + j/8)6 log i 

b log 7' < k < c log 7'. 
logiy > 

W > max|(2^) 1 / 2 ,log ?(3 - 1+j/8) (2^)} 

(2W) H ^ j(Bj + IB) 
~ \og 2 {2W) ~ I ' 

By the argument in Section 3 and 4, we show that 



pen 



■so- p 



(2.9) 
where 

(2.10) H= ip e Z : | 7 -y| < u(a -/3') and /3 > 1 -x(a -/?')}• 

and 
(2.11) 
with 



1 = min{r, r', 1, r , n, r 2 , r 3 }, 



r = 1 — c(loga — log(a — 1)), r' = c(loga — log(a — 1)), 
(2.12) Ti = 6(logx-log2), r 3 = b\ogy, 



t 2 = b(log(ua) - (log a - log(a - 1))) 



-(o) 



Here = log log T / log T < 1/8 or 1/4 if good enough. 
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In Section 5, we use the estimate in (2.9), apply a lemma from 
Turan's power sum method, and acquire 

(2.13) \S\ > 



(Y) K 



with 

(2.14) k = min 

in which, 



21 a {1-6) 



22 

44 



(41og2 + 2 + log(l + A)), 



a (l + log(l + A) + log(l + l/M")), 



(2.15) M" — a{l ~ 5) 



y/{{a - 1)(1 - S) + 1/2) 2 + u 2 a 2 (l - S) 2 ' 

With suitable choices of the above-mentioned constants at the end of 
Section 5, we get 

(2.16) 0<k<i-±. 
From (2.9) and (2.13), we reach 

(3.1+j/8)0]ogY 



(2.17) (3 1 < 1 



which is a contradiction to (2.2). Therefore, the proof of item (ii) of 
Main Theorem is finished. 

3. Implication from the Remainder 

Concerning (2.9), we prove the following estimate 
(3.1) 

9 2 CT " 1 W 1 -" 



wp- s ^ w~ 2n - 



(s-l) k ^(s-p) k ^(s + 2n) k 



< 



2t(2°~ i — i) (o- — r 



k-1 



for a > 1, under the assumption (1.15). 

We shall use the following lemma, which is from [15]. 



Lemma 3.1. Let W E R + \Q and k E N + 3. 

V log*" 1 - 

(3.2) 



(k iw wl - y WP ~ S V ^ 



pez y r ' n=l y 
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To apply Lemma 3.1, we consider 



(3.3) 



n=N 



where N = \ W\ + 1 and 



(3.4) 



n=Ni 



A(n) 



where Nj = 2 J 1 N for all j G N. Applying the partial summation 
method, one sees 



ip(n) — ijj(n — 1) 



n' 



n=N j 

m^/f 1 M (j_ 1_\ 

+ 2^ i"-">\ n it („ + i)i<J 

J n=Nj x v ' 



1>{N j+ i - 1) 



A! 



ATtt 



Here, we use the assumsption (1.15) in item (ii) of Main Theorem or 
its equivalence - the first equation in (1.7). It results 



Gj(it) < 



Nj - 1 , N j+1 - 1 



N j+1 -l 



Nf 



T J+1 - 1 (i i \ 



+ 2BN l ~ H{Nj+l) 



n=N. 
N j+1 -1 



log 2 A J+1 + J B ^ n^^log 2 



n=Ni 



n a (n + 1)® 



since if (a;) is a decreasing function of x. The sum of the first three 
terms in the last expression is equal to Yln=Nj 1 by the partial sum- 



mation method. Therefore, 

N j+1 -1 



(3.5) 



n=Ni 



BN -H{N j+1 ) 



log 2 A J+1 



n 



n=Nj 



n u (n + iy 



We now estimate the first sum in (3.5). From |e z — 1 — z\ < \z\ 2 
when $l(z) < 1 and | log(l + u) — u\ < \u 2 and log(l + u) < u when 
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< u < 1, we get 

\ 1 — it _1— it /i „'+N„— it I 



(n + l) i ^ t -n i ^ t -(l-^t)n" 



+ 



1— if 



1— if 
n 



< n 



(1 + I) 1 " - 1 - (1 - it) log(l + i) + n|l - it\ log(l + i) 

1^1 _L v 7 ^! < 9(t 2 +l) 



1 \ 1 



<n(t 2 + l)log 2 (l + I) , 2n 8n , 

with z — (1 — it) log(l + i) and it = ^ for t > 15. Summarizing the 
last inequality from n = Nj to Nj + i — 1, we acquire 

Nm ~ 1 ' 9(^ + 1) 



ATl-it 



iV^-(l-zt) £ - 



n=Ni 



It follows that 



(3.6) 



x J+1 -i 



J 1 



n=Xj 



9Vt T TT 3iV 7 - 2iV m 
< 1 =s= < — - — 



t 



since N > W > from (2.8). 

As for the last sum in (3.5), we note 

lx it 



n 



1 ( e *WH)-l 
{n + 1)** 



We apply the mean value theorem to the difference in the last expres- 
sion, getting e itlog ( 1+ ^-l = zilog(l + ±)e im with < m < tlog(l + £). 
Note again that log(l + u) < u for < u < 1. Hence, 



(3.7) 



n il (n + 1)" 



< 



n 



Putting (3.6) and (3.7) in (3.5), we obtain 
(3.J 



i^)i<^±i + (f + 2 B y- 



H(N ^ \og 2 N 3+1 < 



9 • 2i~ 2 N 



recalling (2.8) with 7' being replaced by t. It follows that 



2'N-l 



(3.9) Gj (s) = J2 ^ 



1 



n=2i- 1 N 

Recalling (3.3), we acquire 

9 



n a+it (2J-ljV)' 



:G;(it) < 



9 



2t 2( CT ^ 1 )^'" 1 ) iV ,J ~ 1 



(3.10) \F w (s)\ < 



9 2 



(7-1 



2tN° 



_y 2 -(^i)(j-i) = _ 
1 2t(2^ 1 - ljiV 47 - 1 



Now, we state the following lemma from the context in [16]. 
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Lemma 3.2. Let W E R + \Q and k e N + 3. 

n>W 



From (3.10) and (3.11), one has 
(3.12) 



^ n s & W 

n>W 



9(fc-l)2- 1 fMog^f 



-2t(2^-l)J w u° dU 



9(k - l)2 ff - 1 iy 1 ~ ,J f°° v k ~ 2 , 9(fc-l)! 2' 7 - 1 W 1 -" 

dv - 



2t(2<^ 1 -l) J e^" 1 ) 2t(2 CT - 1 - 1)(ct- l)*- 1 ' 

By Lemma 3.1, one obtains (3.1). Replacing s by so and mutliply- 
ing (3.1) by W(s ) where W(s ) = W s °~ p '(s - p') fc , with \W(s )\ = 
Wo-P'iao - (3') k , we acquire 



oo 

uA-p' ( so-p' \ k _ \yp-p' ( s °-p' ) k — W~ 2n -p' ( s °~p' ) k 

V so — 1 / / j V so—p J / j \so+2n/ 

(3.13) P ez n=i 

9 (ff-l)2' T - 1 Vy 1 -^ / ( a -i3' y\°gY _ a w 1 -?' 
^ 2(2 CT - 1 -l)y V crn-1 J 



2(2 CT - 1 -1) 7 ' V cro-1 / ( 7 ') T ' 

where A = V^-i-i) an d r being defined in (2.12), recalling the des- 
ignation of <7 in (2.3). 

4. Estimates on Sums 
In this section, we estimate the sum 

(4.1) S = S -S 1 -S 2 -S 3 , 
where 

(4.2) Sj=E ^(^)*, 
for j = 0, 1, 2, 3. Here, H = Z and 



Hi = { P ez 

(4.3) H 2 = {p e Z 
H 3 = {p G Z 



It -VI > 

(O-0-/30 < It -VI <x}, 

It - VI < M^o - and < 1 - y(cr - /?')}• 



Note that H = H U Hi U H 2 U H 3 with the union being disjoint so 
(4.1) is justified. 
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To estimate Sq, we recall (2.3) and (2.6). It follows that 



(4.4) 



W l ~ p ' 



so- p 
s - 1 



(T - 1 



w 1 



where r' is defined in (2.12). We also have 
(4.5) 



?? (should be okay) noting that k > 4 and ^° =1 < 1+ f™ -jf=2 dx 
1 + fe^a < 2 and f > 2 and W > 1621. With (3.13), (4.4), and (4.5), 
we get 



(4.6) 



l-Sbl < 



B W l 



TO ' 



where B =?? and r = min{r, t', 1} with r and t' being defined in 
(2.12). 

For the estimate of Si, we divide it into two subsums. One is over 
the set {p G Z : 7 >??7' + c}; another over the set {p e Z : 7 < 7' — c}. 
One may estimate both subsums similarly with the same upper bound, 
therefore, we only give the details for the first one. 

Recall from [13] that 



(4.7) 



\N(T) — M(T) + || <Q(T) 



where M(T) = £ log and Q{T) = 0.137 logT+0.443 log log T+ 

1.588. From this formula, we derive 

N(t + d)- N(t -d)< M(t + d)- M(t -d) + Q(t + d) + Q(t - d). 

We use the mean- value theorem to get 



d 



M(t + d) - M(t - d) < - log + 2vr + 1 



7T 



t + d 



2tt 



Therefore, we have the following lemma. 
Lemma 4.1. Let 7" > 16. Then, 



(4.8) 



pSZ: |7-7"|<d 
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By this lemma, one sees that the number of zeros ((s) for 7' + n < 
7 < 7' + n + 1 is not greater than ^ log(7' + n) so that 

k 



s 1 \<2w 1 -?' y ff^Y 
peZ: w>,vi s o-pi; 

<lw 1 -' £ g) fc log(7' + n). 



n=[o;J+l 

Note that 

log(y + n) = log7' + log(l + ^) < log 7' log n, 

logn < n, and £~ =w+1 ^ < pr=r dx < (fc _ 2 ^_ 2 . It follows 
that 

(4.9) N<^-^io g y f; ^< E """' 



n=|xj + l V ' ; 



where C = and ri is defined in (2.12). As for estimate of S2, we 
recall the definition of H2 in (4.3) and using (4.8) with d = x — u(a — f3') 
and 7' >??? again, we get 

k 



S 2 \ < 78? IW 1 ^' log( 7 ' + s) ( a ° £ ^ ' 

/ o \ fc W n_/3 ' 
< 8997?W l ~ 13 log7'( <99??— -— , 

V a - 1 + ua J ~ (7 ) T2 



where T2 is defined in (2.12) and whereafter, noting log 7' < (7') r(0> 
for 7' > T . Similarly, we get 

noting that a -f3 > 1-/3 > y(a -f3') from (2.3) and j3 < l-y(a -f3') 
in the definition of H3 in (4.3). 

We finish the proof of (2.9) by collecting (4.6), (4.9), (4.10), and 
(4.11). 



5. Applying the power sum method lemmas 

Turan invented the power sum method while investigating the zeta 
function and he first used the method to prove results about the zeros 
of the zeta function. Using his power sum method, Turan proved the 
following two lemmas in [16]. 
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Lemma 5.1. Let L G N + 1 and z\, z 2 , . . ., zl be complex numbers 
with 

(5.1) min \zA > M. 



- 1 



Then for all D G M + such that D > 1 

> M D 



(5.2) max 

D<v<D+L 



Zj + Z 2 + . . . + Z L 



ML 



e(M+l)(D + L), 

The next lemma is a slightly revised version, with less restriction on 
D and improved constant in the lower bound, of Lemma III on page 
49 in [16]. We shall prove Lemma 5.2 in Section 6, involving using the 
above lemma. 

Lemma 5.2. Let L G N + 1, I — 1, 2, . . ., L, and z\ G C satisfy the 
condition 

(5.3) max \zA > 1. 

1<1<L 

Then for every D G M + such that D > j^, 

L 



(5.4) max \z\ + + . . . + z v T > . 

We apply these two lemmas by letting L be the number of zeros ((s) 
in the region H, one sees 

(5.5) L=\U\< 2 -^^ log 7 '. 

Let I be a one-to-one map from H to {1,2, ... ,L} such that I = l(p) 
and denote 



(5.6) z x = z l[p) = e^ S -^. 

so - p 

We have two cases. 

Case (i). 0' > 5. We apply Lemma 5.2. The condition (5.3) is 
satisfied, noting that Zi( p >) = 1. Note that L < 21 a 2 ^ — log l' ■ The 
inequality (2.13) follows with k being defined in (2.12). 

Case (ii). | < /?' < 6. We apply Lemma 5.1. Note that 

- >M\ 
V(a - 1/2) 2 + M 2 (ao-/9') 2 " 
where M" is defined in (2.15). The condition (5.1) with M being the 
value in the last expression is satisfied. Now, we have L < 2 ^| L log7 / . 
The inequality (2.13) is validified with k being defined in (2.12). 

Finally, we take S — ||. With this choice, we choose a = , b = , 
c— , u = , x = , y = , and A = to make (2.16) to be valid. 
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6. Proof of a power sum method lemma 
In this section, we prove Lemma 5.2. 

First of all, note that we may assume Mo = 1, where Mo = maxi<j<£ \zj 
henceforth, without loss of generality. To justify this claim, we only 
need to apply the lemma with respect to the assumption that Mo = 1 
to the case in which Mo > 1 and using zj/Mq in place of zj for j = 1, 
2, L. 

Secondly, we may assume that D is an integer with Mi being re- 
placed by M 2 , where Mi = m&x D < u < D+L \z% + z% + . . . + z v L \ and M 2 = 
niaxo +1 < 1/ <£ )+ i 

\z\ + z 2 + • ■ • + z l\ from now on. One may justify that the lemma 
is valid for any D G M + by using the integer part \_D\ in place of D 
and noting that Mi > M 2 . 

We also may assume that z/s for 1 < j < L are all distinct. Other- 
wise, we justify the lemma by constructing an infinite sequence of the 
list [zik, Z2k, ■ ■ ■ , zik] with respect to all k G N such that the sequence 
converges to [zi, z 2 , ■ ■ ■ , z{\ and all Zj^s are distinct for any fixed k and 
use linn^oo max D+ i< u < D+L \z% k + z\ + . . . + z v Lk \, as in [17]. 

Therefore, we only need to prove the lemma under the assumption 
that z/s are all distinct for j — 1, 2, . . ., L, Mo = 1, and D is an 
integer with Mi being replaced by M 2 . 

We first use a lemma in [14] from analytic theory of polynomials. 

Lemma 6.1. Letw G C and f(w) = Ylj L =i( w ~ z j) and M G M + . Then 
for any prescribed U G M + the inequality \f(w) > U L holds outside at 
most L discs \w — Zj\ < rj such that ri + r 2 + . . . + tl < 2eU . 

By Lemma 6.1, we have > U L on a circle \w\ = r such that 

(6.1) < U < ± and < 1 - 4eU < r. 
From \w — Zj\ < 2 for every j = 1, 2, . . ., L, we see that 

(6.2) \w - z h \ \w - z h \ ■ ■ ■ \w - z h \ > ^ , 

on = r for every choice of {ii, i 2 , . . . , i\} from {1, 2, . . . , L}. 

We choose U = 4e ^ +A ^ and rearrange the set {1, 2, . . . , L} so that 
we have two cases. 

Case (I). 1 = | zi | > \z 2 \ > ... > \z L \ > r. 

Here, we use Lemma 5.1 but with Mi being replaced by M 2 , which 
is valid when DeN from [16]. With M = 1 — 4eU in this lemma, one 



14 CHENG, YUAN- YOU FU-RUI AND FOX, GLENN 

gets 

(6.3) M 2 >(l-4eU)°( ~ ffi* „ ^ 

Noting that (l + ±) A < e and ±=|gf > ^ for A > ^ we justify (5.4). 

Case (II). 1 = \z\\ > \z 2 \ > . . . > > r > zj+i > . . . > Zl, where 
I G {1,2,..., L- 1}. Let 

L L-l 

(6.4) P(«,) = J] (w - z s ) = % wL ' 1 ' 3 - 

3=1+1 j=0 

For the coefficients of the polynomial P(w), we have 

(6.5) aj = ^ z kl z k2 ■ ■ ■ z k] . < ( L . J. 

The following lemma is a classical result from the theory of Newton- 
interpolation, see page 48 in [16]. 

Lemma 6.2. Let w G C and C be a simple closed curve consisting of 
analytic arcs on the w-plane and G(w) a regular function outside and 
on C so that G(w) -+ uniformly if \w\ — > oo. Let I G N, ui\, W2, ■ ■ ■ , 
wi be different points outside C, and f{w) be a polynomial of degree 
1 — 1. If g{w) = G(w) when w = Wj for all j = 1,2,..., I, then 

i-i j 

(6.6) g(w) = JJ(w - w k ), 

j=0 k=l 

with the coefficients 

(6.7) b^—f—^ dz, 

where the product Yl°k=i( z ~ w j) ^ s considered to be 1. 



Let Q(w) be the polynomial of degree I — 1 such that Q(z 
D+ip, for every j = 1, 2, . . ., I. Then, by Lemma 6.2, we have 

l-l 3 l-l 

(6.8) Q(w) = ]J(w - z k ) = 5>X, 

j=0 k=l j=0 

with 

dz 



3 ■ 



(6.9) bi = — [ 

V ' ' 27TZ L 



27ri j\ A=r z^p(z) m^(z- Zk y 
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for j = 0, 1, ...,/ — 1. From this, one gets 
(6-10) \b j \<^(^) < 



x 2 xL 



1 — AeD) D \U j 

recalling (6.2). Expressing cj in terms of bj in (6.8) by the above lemma, 
we see 

c i = ~ ^2 z h + ^2 z h z h ~ ■ ■ ■ 

,„ l<ii<j+l l<ii,i 2 <i+l 

(6.11) 

l<il,i2,...,il-j-l<j+l 

for j = 0, 1, ...,/ — 2 and q_i = bi-\. By this inequality and (6.10), 
we acquire 

recalling |^-| < 1 for j = 0, 1, — 2 and noting that 1 + f 3 ^ 1 ) + 

Finally we let 

(6.13) %) = / +1 P(w)QH= 

i=D+l 

It follows from the definition of P(w) and Q(w) and ^ ^ zj, for j ^ k 
that i?(zj) = 1 for j = 1, 2, . . ., I and = for j = I + 1, I + 2, 

. . ., L. Replacing 1 by R(zj) for all j = 1, 2, . . ., I in (6.13) and adding 
the results together, one gets 

D+L 

(6.14) M 2 J2 \ d i\ ^ L 

j=D+l 

By (6.13) with (6.12) and (6.5), we obtain 

D+L ,1-1 v v / x L 

(6.15) £ K|< EW s (T3 W ( F ) • 

from which and (6.14), we conclude 

(6.16) M 2 > (1 - 4eU) D lj 

We conclude Lemma 5.2 in case (ii) similarly as in case (i); the lower 
bound is valid for any value of A. 

This finishes the proof of Lemma 5.2. 
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ANALYTIC IMPLICATIONS FROM THE REMAINDER 
TERM OF THE PRIME NUMBER THEOREM 



CHENG, YUAN- YOU FU-RUI 

Abstract. It is well known that the distribution of the prime 
numbers plays a central role in number theory. It has been known, 
since Ricmann's memoir in 1860, that the distribution of prime 
numbers can be described by the zero-free region of the Riemann 
zeta function £(s). This function has infinitely many zeros and 
a unique pole at s = 1. Those zeros at s = —2,-4,-6,... are 
known as trivial zeros. The nontrivial zeros of £(s) are all located 
in the so-called critical strip < 5R(s) < 1. Define A(n) = \ogp 
whenever n = p m for a prime number p and a positive integer m, 
and zero otherwise. Let x > 2. The ip-iorm of the prime number 
theorem is tp(x) = ^2 n<x ^( n ) = x J rO{x Y ~ HlyX ^ log 2 x), where the 
sum runs through the set of positive integers and H(x) is a certain 
function of x with | < H(x) < 1. Turan proved in 1950 that this 
■0-form implies that there are no zeros of £(s) for 3?(s) > h(t), 
where t = 5(s), and h(t) is a function connected to H(x) in a 
certain way with 1/2 < h(t) < 1 but both H(x) and h{t) are close 
to 1. We prove results similar to Turan's where i < H(x) < 1 and 
\ < h(t) < 1 in altered forms without any other restrictions. The 
proof involves slightly revising and applying Turan's power sum 
method. 
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